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Using the theory of Eliashberg and Nambu for strong-coupling superconductors, we have calculated the gap
function for a model superconductor and a selection of real superconductors including the elements Al, Sn, Tl,
Nb, In, Pb, and Hg and one alloy, Bi2Tl. We have determined the temperature-dependent gap edge in each and
found that in materials with weak electron-phonon coupling ���0.8�, it is single valued, but in materials with
intermediate coupling �0.8���1.2�, the gap edge is double valued. In materials with strong coupling ��
�1.20�, not only is the gap edge double valued but it also departs significantly from the BCS form and
develops a shoulderlike structure which may, in some cases, denote a gap edge exceeding the T=0 value. These
computational results support the insights obtained by Leavens in an analytic consideration of the general
problem. Both the shoulder and double value arise from a common origin seated in the form of the gap
function in strongly coupled materials at finite temperatures. From the calculated gap function, we can deter-
mine the densities of states in the materials and the form of the tunneling current-voltage characteristics for
junctions with these materials as electrodes. By way of illustration, results are shown for the contrasting cases
of Sn ��=0.74� and Hg ��=1.63�. The reported results are distinct in several ways from BCS predictions and
provide an incentive for further discriminative experimental studies with techniques such as tunneling and far
infrared absorption.
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I. INTRODUCTION

The Eliashberg or Eliashberg-Nambu formalism for the
theoretical description of superconductivity1,2 stems from the
work by Gokov3 and Migdal4 and was developed into its
present form by Schrieffer et al.,5 Wada,6 and Ambegaokar
and Tewordt.7 This formalism has widely supplanted the
original theory of superconductivity by Bardeen et al.8

�BCS� and has been extensively used to analyze novel
strong-coupling superconductors. For example, it was used
to study high temperature superconductivity with a pairing
mechanism based jointly on electron-phonon and electron-
plasmon interactions.9 It was also used to study fullerenes,10

C60 in particular,11 quasi-two-dimensional metals,12 magne-
sium diboride,13–16 s-wave narrow band superconductors,17

NaxCoO2·yH2O,18 boron under pressure,19 MgCNi3,20 halo-
gen doped carbon clathrates,21 and so forth. Very recently, it
was extended to extract the spectrum of the effective
electron-phonon interaction, �2���F���, from optical conduc-
tivity data.22

The early success of the Eliashberg-Nambu formalism
rested on its acclaimed elucidation of the frequency-
dependent gap function at temperatures near zero. Extending
the theory to higher temperatures opens up the opportunity to
scrutinize it for possible limitations or disagreement with
experimental results. To this end, we wish to call attention to
the interesting discovery by Leavens that in the Eliashberg-
Nambu formalism, the edge of the superconductive energy
gap can have two distinct values at the same temperature.23

The energy gap edge is defined as the value of the electron
frequency � �or electron energy, 	=1 customarily in the lit-
erature�, satisfying the following relation:

R�
��,T�� = � , �1�

where 
�� ,T� is the energy gap function �solution to the
Eliashberg equations� or superconductive order parameter. In
the analysis of Leavens, this double-valued gap edge arises
from the particular � dependence of 
 occurring in certain
situations, which renders Eq. �1� into the form ���2 for
small �, leading to a small but nonzero value of � satisfying
Eq. �1�, in addition to its usual solution �at higher �� for the
gap edge. This double value represents a significant depar-
ture from BCS behavior and was attributed to the breakdown
of the quasiparticle approximation.23 Later, in 1991, Mar-
siglio and Carbotte commented that the double-valued gap
edge is an artifact of the definition in Eq. �1�: the true order
parameter does indeed approach zero and is single valued as
T→Tc, where Tc is the transition temperature. This vanish-
ing of the order parameter occurs in a temperature range in
which Eq. �1� does not have a solution.24

Marsiglio and Carbotte also discovered that, in addition to
becoming double valued at relatively high temperatures, the
upper value of the gap edge in the Eliashberg-Nambu for-
malism starts to depart considerably from the BCS value at
T�0.1Tc for very strong electron-phonon coupling ��
=100�.24 Here, � is defined as

� = 2�
0

�M

�2���F���
d�

�
�2�

and is the dimensionless electron-phonon coupling constant,
� the phonon frequency, and �M its maximum value. In con-
trast to the double-valued gap edge discovered by Leavens,
this was not considered to be an artifact.24 The question
arises as to whether there is a common origin behind these
two discoveries. If so, is this origin indeed related to the
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breakdown of the quasiparticle approximation? Faced with
the different outcomes from the Eliashberg formalism and
BCS theory, should we trust one rather than the other? Do we
have to make this choice in real materials with realistic val-
ues of �? These questions are worth considering and, to our
knowledge, have neither been raised nor answered in the
literature.

In this paper, we show that the double values of the gap
edge in the Eliashberg-Nambu formalism and departure of
the gap edge from the BCS curve of temperature dependence
are of the same origin: they both arise from a sudden and
significant drop of the gap function, 
�� ,T�, for small � at
finite temperatures. At a more fundamental level, these ef-
fects are deduced to arise from two specific terms in the
kernel of the Eliashberg equations, which are suppressed at
T=0 but become increasingly important with increasing T,
with apparently more significant impact in the case of strong
electron-phonon interaction. We show that while the lower
value of the gap edge can be suppressed by a technical treat-
ment to imitate the experimental procedure for determining
the gap, the curve of gap temperature dependence, or tem-
perature curve for short, still displays a shoulderlike struc-
ture, marking a genuine departure from the BCS curve.
“Shoulder” in this context means a peak above the BCS
curve, with a maximum value sometimes exceeding even the
value of the gap edge at T=0.

We observe through numerous examples, including a
model superconductor, a range of real superconductive ele-
ments, and an alloy, the departure of the gap edge in the
Eliashberg-Nambu formalism from the BCS prediction. We
find that this departure takes place only at relatively high
temperatures and in strong-coupling superconductors, with a
realistic threshold of ��0.8. As an important specific ex-
ample, we study mercury in detail. The electron-phonon in-
teraction in mercury is strong enough ��=1.63� to allow us
to observe significant departure between the Eliashberg for-
malism and BCS theory. The experimentally measured tem-
perature curve was shown to obey the BCS prediction almost
perfectly.25 We argue that the Eliashberg-Nambu formalism
is subject to the limitations of the quasiparticle approxima-
tion and ask if we may be seeing here the impact of the
breakdown of the quasiparticle regime.

The paper is arranged as follows. In Sec. II, we describe a
model superconductor, where the effective electron-phonon
interaction is represented by a single peak, continuous with
respect to phonon frequency and with continuous first order
derivative. In Sec. III, the energy gap function of the model
superconductor is calculated from the Eliashberg formalism
and shown to have a double-valued edge when ��1, as well
as a shoulderlike structure in the temperature curve; both are
shown to have the same origin. In Sec. IV, we imitate the
experimental procedure for measuring the energy gap. We
show that while the double values of the gap edge vanish in
this procedure, the shoulderlike structure is still there. In Sec.
V, we study strong-coupling superconductive elements and
an alloy and confirm that lead, mercury, and Bi2Tl ��
�1.2� may have both the double-valued gap edge and a
shoulder in the temperature curve. In Sec. VI, we study mod-
erately strongly coupled superconductive elements. We show
that the gap edge may become double valued for both nio-

bium ��=1.12� and indium ��=0.81�, indicating that �
�0.8 is likely to be the threshold in real materials. In Sec.
VII, we show that weak-coupling superconductors with �
�0.8 all have single-valued gap edges. These include in-
dium, thallium �both listed in Ref. 23 as examples having
double-valued gap edges�, and aluminum. In Sec. VIII, we
show that the shoulder in the temperature curve in mercury is
an experimentally measurable feature that marks genuine de-
parture from the BCS theory. We compare our results with
gapless superconductivity in Sec. IX and give brief conclu-
sions in Sec. X.

II. MODEL SUPERCONDUCTOR

It is instructive to begin with a model superconductor. The
spectrum of electron-phonon interaction is usually chosen as
either Einstein24,26 or Lorentzian;5,9 both have their limita-
tions. In the former, 
�� ,T� bears little resemblance to the
gap function in a real material. In the latter, the Lorentz
curve has to be truncated to let �2���F���→0 when �→0,
the price being that the curve no longer has a continuous
derivative in �. So, in our model superconductor, �2���F���
is represented by a single peak of the square B spline,27

which is continuous and has a continuous first order deriva-
tive, see Fig. 1. The center of the peak is located at �=�0,
2��0�12 mV and the base width of the peaks is always
4 mV. The height of the peak is adjusted to let �, as defined
in Eq. �2�, vary between 0.5 and 3 to model different
strengths of electron-phonon coupling. The Coulomb
pseudopotential is fixed to let �*=0.1, which falls in the
range of Morel and Anderson.28

The procedure for solving the Eliashberg equations, in
essence a specified method of iteration, has been detailed in
the literature.9,29 In Fig. 2, we present the real part of the gap
function solutions arising from the electron-phonon interac-
tions in Fig. 1 at T=0. We drop from Fig. 2 the imaginary
part of the functions for clarity. The electron integration cut-
off frequency is chosen to be 50 and 100 mV when �0=3 and
12 mV, respectively, about ten and seven times the maxi-
mum phonon frequency, in accord with the accepted practice
of solving the Eliashberg equations.30 We do not impose a
predetermined value on the gap edge at T=0, which we will
refer to as 
0, but allow it to evolve naturally in the iteration
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FIG. 1. Model spectra of the electron-phonon interaction. The
peaks on the left and right are centered at �0=3 and 12 mV,
respectively.
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process as a result of the given values of �, �0, and �*. We
find that the gap function always varies slowly when ��0,
that is, 
� ,0��
�0,0�.

Next, we evaluate the gap function at a series of increas-
ing temperatures. In order to expedite the process, we always
start iteration with the converged gap function obtained at
the previous temperature. Initially, the temperature is in-
creased so that T will reach Tc after 30 steps on the conser-
vative assumption that 2
0 /kBTc=3. We reduce the tempera-
ture step to 1 /4 and 1 /200 of its initial size as the gap edge
is reduced to 70% and 40% of its zero temperature value,
respectively, in response to the steep descent of the gap edge
when T approaches Tc. At each temperature, we find the gap
edge by solution of Eq. �1� and terminate calculations either
when it becomes less than 0.005
0 or when Eq. �1� no longer
has a nontrivial solution. To complete the curve, we follow a
BCS-like form and assume that the real part of the gap edge
is proportional to �1−T /Tc�1/2 when T�Tc,

8 which enables
us to find Tc from the last value of the gap edge �or the last
higher value when the gap edge is double valued� before
calculation terminates. Numerical results of our calculations
are presented in Table I.

We see from the upper part of Fig. 2 that, with �0
=3 mV, the gap functions always feature a significant initial
peak followed by a significant dip. These peaks and dips tend
to widen and move toward higher electron frequencies �en-
ergies� when � increases. We are reminded that in Fig. 2, the
gap functions are normalized to the gap edge. We see from
Table I that the gap edge also grows when � increases, so
that, roughly speaking, � can be seen as a scaling factor for
the gap function itself as well as for its argument. The gap-

to-temperature ratio, 2
0 /kBTc, grows from 3.62 to 6.14
when � increases from 0.5 to 3, as is expected.

We see from the lower part of Fig. 2 that, with �0
=12 mV, the gap functions also feature a significant peak
and dip, although some additional finer superimposed fea-
tures emerge. The effects of � are also similar: it roughly
scales the gap function and its argument and determines al-
most exclusively the value of the gap-to-temperature ratio.
Indeed, �0 has little effect on this ratio in Table I despite the
fact that Tc has increased approximately five, times com-
pared with its value at �0=3 mV. This increase in Tc was
explored by Holcomb as a possible explanation for high tem-
perature superconductivity in Ref. 9, where he added a peak
of some electron-boson interaction with �0=1600 mV to the
spectrum of �2���F��� and found Tc=118.1 K.

The value of Tc can also be estimated almost exclusively
with �. In order to highlight the significance of � in charac-
terizing the electron-phonon system, important to our later
discussions, as well as in showing that our model and nu-
merical results are reasonable, we evaluate Tc from the fol-
lowing Allen-Dynes formula:31

Tc =
�1

1.2
exp�−

1.04�1 + ��
� − �*�1 + 0.62��	 , �3�

which is a variant of the McMillan formula32 and in which

�1 =
2

�
�

0

�M

�2���F���d�

measures the range of phonons involved in pairing electrons.
We see from Table I that our model compares satisfactorily
with the results in Eq. �3�, a formula which is known to work
well for real materials.

III. GAP EDGE: DOUBLE VALUE AND
SHOULDERLIKE STRUCTURE

When solving the Eliashberg equations numerically, we
divide the electron frequencies below the cutoff value into
typically 200 divisions. In order to identify the double-
valued gap edges, we divide the electron frequencies in the
first few divisions into a number of further subdivisions. Fur-
thermore, we let �=
0�10−4 be the minimum value of the
electron frequencies instead of �=0, which is a singular
point of the Eliashberg equations. The resulting temperature
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FIG. 2. Real part of normalized energy gap functions �T=0�
arising from the model electron-phonon interactions in Fig. 1; Cou-
lomb pseudopotential �*=0.1; the phonon peak is centered at �0

=3 mV �upper� and 12 mV �lower�.

TABLE I. Effect of the coupling constant on the gap edge, gap-
to-temperature ratio, and transition temperature using electron-
phonon interactions from the model in Fig. 1; �0=3 mV �12 mV for
value in parentheses and� and �*=0.1.

�

0

�mV� 2
0 /kBTc

Tc

�K�
Tc

�K�a

0.5 0.76 �3.99� 3.62 �3.59� 0.5 �2.6� 0.4 �1.6�
1.9 12.6 �63.4� 4.97 �5.27� 5.9 �28� 4.5 �19�
3.0 22.0 �111� 6.14 �6.57� 8.3 �39� 5.9 �24�

aFrom Eq. �3�.
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curves of the normalized gap edge for the �0=3 mV model
superconductor with �=0.5, 1.9, and 3 are presented in the
upper part of Fig. 3. The temperature curve with �=0.5 is
always single valued and matches the BCS temperature
curve well. The temperature curve with �=1.9 has a gap
edge which slightly exceeds its initial value �=1.000� at
kBT=0.067
0, reaches a peak �=1.014� when kBT=0.178
0,
and then drops faster than the �=0.5 curve, with an overall
shoulderlike appearance. It starts to become double valued at
kBT=0.244
0. The temperature curve with �=3 reaches its
peak �=1.015� at kBT=0.156
0 and then drops even more
sharply. It starts to become double valued at kBT=0.178
0.

In the lower part of Fig. 3, we present the temperature
curves for the �0=12 mV model, also with �=0.5, 1.9, and
3. The temperature curve with �=0.5 is always single valued
and matches the BCS temperature curve well. The tempera-
ture curve with �=1.9 reaches its peak �=1.015� when kBT
=0.178
0. It becomes double valued when kBT=0.244
0.
The temperature curve with �=3 has an insignificant peak
�=1.005� when kBT=0.111
0. It becomes double valued
when kBT=0.133
0.

It is evident from Fig. 3 that the gap edge of the model
superconductor may become double valued at a value of �
somewhere between 0.5 and 1.9. To see this trend more
clearly, we ran a numerical test, where we fix � at one of
three values and let �0 vary discretely between 2 and 12 mV
�interval=0.5 mV, electron frequency cutoff=100 mV�. For
each pair of � and �0, we solve the Eliashberg equations over
the whole range of temperatures when Eq. �1� has nontrivial
solutions. In Fig. 4, we indicate the value of �0 with an arrow

if at some temperatures the gap edge becomes double valued
in the model superconductor with this �0. It is apparent that
while � has the dominant effect on the occurrence of the
arrows, �0 also has some effect, so that we may not be able
to find a simple rule in terms of � to determine the distribu-
tion of the arrows. However, it appears that ��1 may serve
as a rough guide to warn us that in a real superconductor, the
gap edge may acquire two distinct values at the same tem-
perature. This value corresponds to moderately strong
electron-phonon coupling.

Both the double-valued gap edge and shoulderlike struc-
ture in the temperature curve have a common origin in the
Eliashberg-Nambu formalism. First, we consider the double
values. As also observed by Holcomb, the weak-coupling

�� ,T� may be approximated well by multiplying the zero
temperature solution by the known dependence of the BCS
gap, but this approximation clearly breaks down in the
strong-coupling regime. Then, the gap function has a pro-
nounced additional structure.9 For example, in Fig. 5, which
shows it evaluated at kBT=0.222
0 �or T=0.687Tc�, there is
a remarkably abrupt and significant drop of the gap function
near �=0. It is similar to that reported at T=0.7Tc in Ref. 26,
where Combescot calculated the gap function for a strong-
coupling model superconductor both numerically and semi-
analytically in a radically different version of the Eliashberg
formalism with imaginary electron frequencies. The dia-
grams in Fig. 5 clearly show that it is this very drop of the
gap function near �=0 and specifically its near parabolic
shape that dictate the double solutions of Eq. �1� and thus
double values of the gap edge, as first highlighted by
Leavens.23

Next, we address the shoulder in the gap edge versus
temperature curves. In the lower part of Fig. 5, we show
how, when T increases, a significant drop of the gap function
descends from above to intersect with the gray straight line
twice to produce the double-valued gap edge: at smaller val-
ues of T, this drop will retreat upward, leaving a single-
valued solution to Eq. �1�. However, while this retreating
drop does not lead to double values of the gap edge, it im-
plies that the gap edge also drops significantly, giving the
shoulderlike structure in the temperature curve in the
Eliashberg-Nambu formalism. Leavens used the expression
�2 to model the drop when it is low enough to be in touch
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with the � axis; see the text below Eq. �1�. If we extend this
idea by using an offset parabolic curve to model that retreat-
ing abrupt and significant drop of the gap function, then we
find from the following pair of equations:


 = �2 + a , 
 = � , �4�

a gap edge 
=0.5+ �0.25−a�1/2 where the offset a becomes
smaller the larger the value of T. Consequently, this gap edge
grows with increasing T and may even exceed 
0 on account
of the presence of large peaks of the gap functions at ��0 in
Fig. 2, as long as the model in Eq. �4� is appropriate. This
explains the peak �often �
0� of the temperature curves in
Fig. 3.

From the Eliashberg equations, we may hope to find the
most likely reason for the abrupt and significant drop of the
gap function near �=0, which emerges at T�0 in strong-
coupling superconductors but not in weak-coupling super-
conductors. There are four terms in each of the two kernels
of the Eliashberg equations.9,29 Two of these four terms in-
volve the Fermi-Dirac function f�−� /kBT�, which takes the
value 1 at T=0, when the gap function of any supercon-
ductor, strong and weak couplings alike, is virtually constant
near �=0. The other two terms involve the function
f�� /kBT�, which vanishes at T=0. It is these two terms that
appear to have brought in that abrupt and significant drop
when T is increased. Indeed, if we write the BCS gap equa-
tion into the Eliashberg-Nambu form with �2���F���, we
have a kernel with just the two surviving terms at T=0, and
the resultant temperature curve has neither double values nor

the shoulderlike structure. Details will be reported in a forth-
coming article.

IV. DENSITY OF STATES IN THE MODEL
SUPERCONDUCTOR

Knowledge of the gap function enables us to calculate the
densities of states of the superconductive current carriers,
defined as

N���
N�0�

= R� �


�2 − 
2	 , �5�

which we show in Fig. 6 for the model superconductor with
�=0.5 �upper plot� and 1.9 �lower plot� at a temperature T
=0.54Tc; here, �0=3 mV. In the case of weak coupling, the
density of states rises sharply when � exceeds a certain
value, which defines without much ambiguity the location of
the energy gap edge. In the case of strong coupling, however,
the density of states is finite right from zero frequency and
rises slowly: the location of the gap edge is open to interpre-
tation and purists would insist that the material is
gapless.33–36 As Marsiglio and Carbotte24 remarked, the gap
edge is often roughly associated with the frequency at which
the peak in the density of states occurs. While this interpre-
tation provides an unambiguous guide for us to locate the
gap edge from the smooth curve with �=1.9 at T=0.98Tc in
Fig. 6, we do not have any sharp feature with which to iden-
tify the second gap edge.

Experimental values of the gap edge are found most di-
rectly from tunneling current-voltage characteristics, I�V�,
which, according to McMillan and Rowell, are related to the
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electrode Eliashberg densities of states through the following
formula:

I�V� =
1

R
�

0

V

N���N�V − ��d� , �6�

for the case of tunneling between identical superconductor
electrodes �S-I-S�, where I is the tunnel current, V is the
applied voltage difference between the electrodes, and R is
the junction resistance in the normal state.37 To calculate the
tunnel current, we substitute the gap function from our nu-
merical calculations into Eq. �5� and then substitute the re-
sultant density of states into Eq. �6�. As can be seen in Fig. 6,
the current rises rapidly at applied voltage V equal to twice
the gap edge. This rise is sharp for the weak-coupling super-
conductors but more gradual for the strong-coupling super-
conductors. In practice, the value of the gap edge is found by
a graphic method.37 In our case, we identify the gap edge
when the slope of the tunneling current curve �conductance�
reaches a maximum. We see from Fig. 7 that the gap so
determined is always single valued; otherwise, it is almost
identical to the gap edge found from Eq. �1�. Apparently, the
shoulderlike structure in the temperature curve is a genuine
feature of a strong-coupling superconductor in the
Eliashberg-Nambu formalism.

It is interesting that in Ref. 24, the gap edge of the model
superconductor ��=100� becomes double valued when the
temperature approaches Tc, yet it is enclosed completely by
the BCS temperature curve, a condition similar to the two
temperature curves with �=0.5 and 3.0 in the lower part of
Fig. 3. The reason is that, although the order parameter,


�� ,T�, is by definition still nonzero up to Tc, nontrivial
solutions of Eq. �1� cease to exist at T=T*�Tc

23: a suffi-
ciently large area is therefore enclosed by the BCS curve to
include the temperature curve of the double-valued gap edge
arising from Eq. �1�. In the lower part of Fig. 7, we show the
double-valued gap edge of the �=3, �0=12 mV model su-
perconductor, together with the BCS temperature curve;
here, Tc is where the order parameter, 
�� ,T�, vanishes. The
BCS temperature curve does not enclose the double-valued
gap edge completely apparently because � is relatively small
in our case. However, it is still clear that the double-valued
gap edge and the non-BCS-like temperature curve go hand in
hand in this situation.

It is worth mentioning that the lifetime broadening of the
states in a strong-coupled superconducting alloy, Pb90Bi10,
was previously calculated by Dynes et al. using the semicon-
ductor model of a BCS superconductor to reproduce the
current-voltage characteristic of a symmetric tunnel junc-
tion.38

V. LEAD, MERCURY, AND BISMUTH-THALLIUM ALLOY

In the literature, both experimental and theoretical data
are surprisingly scarce for the temperature dependence curve
of the superconductive energy gap edge in individual super-
conductive materials, particularly in the case of strong
electron-phonon coupling. On the theoretical side, in 1963,
the work of Nambu2 was developed and applied to lead �Pb�,
a classical strong-coupling superconductor, by Schrieffer et
al., with the phonon spectrum approximated by two Lorent-
zian peaks.5 In 1965, lead was further investigated, also in
the Eliashberg-Nambu formalism, by Scalapino and
co-workers39,40 using an electron-phonon interaction calcu-
lated from the theoretical work by Harrison.41 In 1969, lead
was once more investigated by McMillan and Rowell who
solved the Eliashberg equations with the electron-phonon in-
teraction determined by inversion of tunneling data.37 In
1976, gap anisotropy in lead was studied by Tomlinson and
Carbotte with the Eliashberg equations solved using
electron-phonon interaction calculated from first principles.42

To our knowledge, the calculated temperature curve of the
energy gap edge has not been published in the open literature
from any of the above studies.

We have found seven discrete gap edge values for lead,
calculated by Swihart et al. at T�0 and superimposed on
experimental data by Gasparovic et al. in Ref. 43. These
values are referred to but missing from Ref. 40. Later, the
experimental data of Gasparovic et al., together with the
seven calculated values, were copied back by Scalapino in
Ref. 44 with no further details. The calculations apparently
terminated when T�0.98Tc, with no evidence of a double-
valued gap edge. Indeed, the gap functions in Refs. 39 and
44 at T=0.98Tc vary slowly when ��0, reminiscent of a
weak-coupling superconductor: new calculations are neces-
sary.

We sample the chart of �2���F��� in Ref. 31 and interpo-
late the sample values to other phonon frequencies by means
of the cubic B spline.27 We find �=1.42 �between 1.33 and
1.55 in the literature37,42,45�. We set the electron frequency
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cutoff at 60 mV and find that at T=0, the calculated gap edge
matches the experimental value of 1.37 mV when �*=0.15,
compared with 0.12 in Ref. 37 and 0.13 in Ref. 45. At T
�0, we follow the procedure described in Sec. II and find
Tc=7.24 K �7.193 K experimentally� and 2
0 /kBTc=4.42
�4.38 experimentally�, compared with 5.1 K by Eq. �3� and
4.52 in Ref. 30, see Table II. It is worth mentioning that in
Ref. 46, the source of our experimental data, values of 
0
and Tc actually lead to a gap-to-temperature ratio of 4.40
rather than 4.38.

In our calculations, the gap edge of lead starts to become
double valued at T=0.78Tc, when the gap function drops
abruptly and significantly near �=0, similar to the abrupt
and significant drop of the curve at kBT=0.222
0 in Fig. 5.
The lower value of the gap edge remains small until close to
Tc. On the other hand, the higher values of the gap edge are
distinctively above the BCS curve. They are also slightly
above the experimental data in Ref. 43. There is no peak in
the temperature curve in the sense that it drops monotoni-
cally with a value always smaller than unity, see Fig. 8.

Mercury is another classical strong-coupling supercon-
ductor. In 1969, Hubin and Ginsberg measured the energy
dependence of the tunneling density of states of supercon-
ducting mercury films at 0.4 K.47 They extracted the phonon
spectrum by McMillan inversion and solved the Eliashberg
equations at T=0. There was no attempt to calculate the tem-
perature dependence curve of the gap edge in spite of the fact
that in an earlier exhaustive and careful experiment, the tem-
perature curve of mercury was measured by the same group
and published.25 Allen and Dynes listed 4.19 K as the tran-
sition temperature of mercury in the Eliashberg formalism,
giving 4.57 �4.60 experimentally� as the gap-to-temperature
ratio.31 However, no temperature curve was provided.

We have solved the Eliashberg equations also for mer-
cury, with �2���F��� sampled from the chart in Ref. 47, find-
ing �=1.63, 
0=0.83 mV, and electron frequency cutoff at
45 mV, all in accord with the original specifications. Our
calculated gap function at T=0 agrees well with the pub-
lished curve in Ref. 47. We find �*=0.16, compared with
�*=0.11�0.04 in Ref. 47. It is worth noting that, assuming

�2���F��� to be proportional to �4 or � when ��1, results in
smaller �reduced by 0.07� and greater values of �*, respec-
tively, compared with the published case where �2���F��� is
proportional to �2 when ��1.47 We find Tc=4.16 K
�4.153 K experimentally� and 2
0 /kBTc=4.63 �4.6 experi-
mentally�, compared with 3.7 K by Eq. �3� and 4.60 in Ref.
30.

In our calculations, the gap edge of mercury becomes
double valued when T�0.56Tc, earlier than in lead. The
lower values of the gap edge are also more significant com-
pared with those in lead. Many of the higher values of the
gap edge are significantly above the BCS curve, see Fig. 8.
In particular, the temperature curve has a peak �=1.007� at
T=0.463Tc, compared with the considerably lower value
�=0.971� of the BCS curve at T=0.460Tc. In contrast, the
experimental data of Bermon and Ginsberg match the BCS
curve almost perfectly.25

The alloy Bi2Tl is one of the rare examples of strong-
coupling superconductors with calculated temperature curves

TABLE II. Coupling constant, gap-to-temperature ratio, transi-
tion temperature, and starting temperature of double gap edges in
real materials.

� 2
0 /kBTc
a

Tc

�K�a T /Tc
b

Hg 1.63 4.63 �4.6� 4.16 �4.153� 0.56

Bi2Tl 1.63 4.56 �4.5� 6.46 �6.4� 0.60

Pb 1.42 4.42 �4.38� 7.24 �7.193� 0.78

Nb 1.12 3.79 �3.8� 9.22 �9.50� 0.97

In 0.81 3.73 �3.6� 3.22 �3.4035� 0.98

Tl 0.75 3.71 �3.57� 2.27 �2.39�
Sn 0.74 3.70 �3.5� 3.60 �3.722�
Al 0.43 3.53 �3.3� 1.12 �1.140�

aExperimental values �in parentheses� are from Ref. 46.
bGap edge becomes double valued when temperature �T.
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available in the literature.48 We sample �2���F��� from Ref.
48, finding �=1.63,31 and solve the Eliashberg equations
with 
0=1.27 mV and electron frequency cutoff at 75 mV.
We find �*=0.19 and 2
0 /kBTc=4.56, compared with the
experimental value of 4.5.48 We see from Fig. 8 that the gap
edge becomes double valued when T�0.60Tc. The upper
values of the gap edge compare well with the calculated
results in Ref. 48, which are well above the BCS curve. In
particular, our temperature curve has a peak �=1.002� at T
=0.453Tc, compared with the much lower BCS value
�=0.973� at T=0.450Tc. There is no data point around T
=0.450Tc in Ref. 48. On the other hand, our nearest compa-
rable value �=0.980� at T=0.554Tc is close to the value in
Ref. 48 �=0.979� at T=0.546Tc. We do not have experimen-
tal values of the gap edge for comparison.

VI. NIOBIUM AND INDIUM

There was an interesting twist when the gap function in
niobium was investigated. In 1976, Bostock et al. measured
�2���F��� in tunneling experiments on Nb in the form of
polycrystalline and high-purity, single crystal and solved the
Eliashberg equations numerically.49 They found that typi-
cally, �=0.39 and �*=−0.11, that is, electrons should attract
each other, and commented that either the electrons do be-
have like this or the Eliashberg formalism is inadequate.49

No temperature curve was provided. In 1977, Butler et al.
found significantly different �2���F��� from theoretical cal-
culations and neutron scattering,50 which leads to normal re-
sults with positive �*.30 Arnold et al. concluded that the
abnormal tunneling data in Ref. 49 arise from an anomalous
thin weakly superconducting layer, probably NbO, in the
thermally oxidized Nb junctions.51

We solve the Eliashberg equations for niobium; the values
of �2���F��� are sampled from the theoretical chart in Ref.
50. In our calculations, �=1.12 �=1.20 in Ref. 50�, 
0
=1.53 mV, and � is cut off at 81 mV, all in accord with the
listed data in Ref. 30. We find Tc=9.22 K �9.50 K experi-
mentally�, �*=0.39, and 2
0 /kBTc=3.79 �3.8 experimen-
tally�, compared with Tc=1.2 K by Eq. �3�, �*=0.27, and
2
0 /kBTc=3.86 in Ref. 30. The gap edge becomes double
valued when T�0.97Tc and the lower value of the double-
valued gap edge is always extremely small. The temperature
curve declines monotonically with increasing T and has no
peak exceeding the gap edge value at T=0, see Fig. 9.

We also sample the experimental values of �2���F��� for
niobium in Ref. 50, �=0.93 and 
0=1.53 mV. We find �*

=0.15 and 2
0 /kBTc=3.91. The gap edge becomes double
valued when T�0.97Tc with extremely small lower values.
Furthermore, we solve the Eliashberg equations with
�2���F��� from the controversial data in Ref. 49, �=0.39
and 
0=1.53 mV. We find �*=−0.07 and 2
0 /kBTc=3.65.
Surprisingly, we find that the gap edge becomes double val-
ued when T�0.99Tc, which is not in our experience with
any other real material or model with such a low value of �.

Indium was listed in Ref. 23 as an example having a
double-valued gap edge. When solving the Eliashberg equa-
tions, we sample �2���F��� from the chart for indium in Ref.

45 and find �=0.81. In our calculations, � is cut off at
80 mV and �*=0.16, compared with 0.125 in Ref. 45. We
find Tc=3.22 K �3.4035 K experimentally� and 2
0 /kBTc
=3.73 �3.6 experimentally�, compared with 2.3 K by Eq. �3�
and 3.80 in Ref. 30. The gap edge becomes double valued
when T=0.98Tc. The temperature curve also declines mono-
tonically with increasing T, see Fig. 9.

VII. THALLIUM, TIN, AND ALUMINUM

Thallium was listed in Ref. 23 as an example having a
double-valued gap edge. We sample the Eliashberg function
from the chart for Tl in Ref. 45 and find �=0.75. In our
calculations, � is cut off at 60 mV and �*=0.14, compared
with 0.127 in Ref. 45. We find Tc=2.30 K �2.39 K experi-
mentally� and 2
0 /kBTc=3.71 �3.57 experimentally�, com-
pared with 1.7 K by Eq. �3� and 3.76 in Ref. 30. The gap
edge too is always single valued without any discernible
shoulderlike structure.

Now, we solve the Eliashberg equations for tin, which is
also listed in Ref. 23 as an example having a double-valued
gap edge, 0.71���0.80 in Ref. 52. We sample �2���F���
from the chart in Ref. 52 and find �=0.74. We cut � off at
120 mV, in accord with the specifications in Ref. 52. Our
gap function compares well in detail with the published re-
sult in Ref. 52. We find �*=0.15, compared with 0.090
��*�0.145 in Ref. 52. In our calculations, Tc=3.60 K
�3.722 K experimentally� and 2
0 /kBTc=3.70 �3.5 experi-
mentally�, compared with 2.5 K by Eq. �3� and 3.71 in Ref.
30. The gap edge is always single valued and without any
shoulderlike structure, see Fig. 10.
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We sample the values of �2���F��� for aluminum ��
=0.43� from the chart in Ref. 53, which is apparently from
theoretical calculations by Leung et al.54 We cut � off at
150 mV and find �*=0.1757, Tc=1.116 K �1.140 K experi-
mentally�, and 2
0 /kBTc=3.53 �3.3 experimentally�, com-
pared with �*=0.1472, Tc=1.18 K, and 2
0 /kBTc=3.54 in
Ref. 30. The gap edge again is always single valued without
any shoulderlike structure.

VIII. DENSITIES OF STATES AND TUNNELING
CHARACTERISTICS IN TIN AND MERCURY

We study the densities of states, as well as the tunneling
characteristics, in two contrasting materials, tin and mercury,
by following the procedure described in Sec. IV. We show
the results in Fig. 11, which can be compared with Fig. 6. It
is apparent that while in tin the gap edge can be determined
from the sharp rise in tunneling current without much ambi-
guity, in mercury, the situation is compromised by a signifi-
cant current flow at voltages below the main current rise,
which itself is not sharp. This highlights a genuine and sig-
nificant difference between weak- and strong-coupling super-
conductors in the Eliashberg-Nambu formalism.

In Fig. 12, we compare results of two interpretations of
the tunneling current in mercury. The lower value of the gap
edge, arising from Eq. �1�, vanishes when we let the value of
the energy gap edge be the voltage where the slope of the
current �conductance� reaches its maximum. Otherwise, there
is little difference between the value derived from Eq. �1�
and that based on the tunneling current. In particular, there is
no substantial difference in the value of Tc. In a real material,
Eq. �1� is not at an obvious disadvantage despite offering no
nontrivial solution when the order parameter still exists.24

The substance of Fig. 12 appears to be the shoulderlike
structure of the temperature curve from the Eliashberg-
Nambu formalism: that is, values of the gap edge in this
curve lie significantly above the BCS curve regardless of
whether Eq. �1� or the tunneling current interpretation is em-
ployed. On the other hand, we know from experiment that in
mercury the variation of the gap edge against temperature is
predicted almost precisely by the BCS theory.25

We are reminded that the shoulderlike structure in the
temperature curve in the Eliashberg-Nambu formalism may
not be simply dismissed as an artifact. It is apparent from the
experimental data43 that in lead, values of the gap edge do lie
above the BCS temperature curve and compare fairly well
with the temperature curve from the Eliashberg-Nambu for-
malism. Further experimental verification appears to be nec-
essary in, for example, Bi2Tl, where the BCS theory and
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Eliashberg-Nambu formalism again differ significantly with
respect to their predictions of the shape of the temperature
curve.48

IX. DISCUSSION

Abrikosov and Gorkov predicted that magnetic impurities
would cause a drastic alteration in the density of states of
superconductors, leading to gapless superconductivity.33,34

This prediction was verified experimentally by Reif and
Woolf,35 Edelstein,36 and a number of other authors, mainly
by means of tunneling, with mixed results with respect to
consistency between theory and experiment.

In many ways, such gapless superconductivity can be
compared with the strongly coupled Eliashberg-Nambu state.
For example, the former arises from a theoretical argument
that the quasiparticle states decay in the presence of mag-
netic impurities,33 whereas the latter is also attributed to
breakdown of the quasiparticle approximation.23 The result-
ant densities of states are remarkably similar in both cases,
see diagrams in Refs. 34 and 36 and Figs. 6 and 11 here. This
appears to have been noticed by Dynes et al. when they in
effect followed the practice in gapless superconductivity34 of
introducing a complex frequency, �+ i�, into the BCS theory
to simulate the temperature broadening of the density of
states in strong-coupling superconductors.38

We can also interpret as gapless superconductivity the
situation where Eq. �1� does not have a nontrivial solution
while the true order parameter still exists. Indeed, as long as

�� ,T� is finite, we are invited to define the following three
regimes:

R�
��,T����� , gapped

=� , gap edge

�� , gapless.
� �7�

These three regimes exist as long as Eq. �1� has two non-
trivial solutions at a given temperature. The gapless state is
not associated with a sharp feature in the tunneling current,
and hence is more difficult to demonstrate than the other two
conditions. However, in the model superconductor in the
lower part of Fig. 7, the gapless state alone exists when
kBT�0.3
0 and is apparently subject to direct detection.

In real strong-coupling superconductive materials, the
gapless state does not exist alone in any significant range of
temperatures. However, while a gapless state in such mate-
rials might be elusive, we may detect the shoulderlike struc-
ture in the temperature curve, which has the same origin as
the double-valued gap edge. Indeed, we see from Fig. 8 that
in Pb, Hg, and Bi2Tl, the shoulders are distinctively above
the BCS curve and are certainly detectable experimentally.
So far, the experimental results have been mixed with respect
to their consistency with the Eliashberg-Nambu formalism:
they are seemingly consistent in Pb �Ref. 43� but definitely
inconsistent in Hg.25 It remains to be seen whether in Bi2Tl
the temperature curve of the gap edge has a shoulder in ac-
cordance with the Eliashberg-Nambu formalism.

Leavens pointed out that the quasiparticle approximation
is a basic assumption of the original BCS theory.23 We wish

to point out that the Eliashberg-Nambu formalism is also
founded on Landau’s idea of a Fermi liquid,55 together with
Migdal’s adiabatic theorem.4 The former justifies how a fun-
damental treatment developed originally for a Fermi gas, for
example, by labeling a microscopic entity �namely, an elec-
tron� with its momentum and spin, can be applied to a Fermi
liquid where the interaction between microscopic entities
�that is, elementary excitations or quasiparticles� can no
longer be ignored. The latter can be used to justify the appli-
cation of Landau’s idea to the pairing interaction that leads to
superconductivity.44 The quasiparticle approximation breaks
down with large � and at relatively high T, coincident with
the appearance of the double-valued gap edge and the shoul-
der in and only in the Eliashberg-Nambu formalism. The
question is why this formalism is so different from the BCS
theory.

In the Eliashberg-Nambu formalism, the one-electron
self-energy is calculated by what amounts to second-order
self-consistent perturbation theory.44 In contrast, the BCS
theory arises from the variational approach,8 which is well
known to be tolerant of errors in the trial function. In the
case of Hg, the BCS theory proves itself to be better than the
Eliashberg-Nambu theory. If the experimental temperature
curve in Bi2Tl turns out again to be in favor of the BCS
theory, then we might have to consider carefully the limita-
tions of the Eliashberg-Nambu formalism when applied to
strong-coupling superconductors.

X. SUMMARY AND CONCLUSIONS

We have elaborated the discovery of Leavens that in the
Eliashberg-Nambu formalism, the edge of the superconduc-
tive energy gap can have two distinct values at the same
temperature. We have solved the Eliashberg equations nu-
merically for a model material, a range of elemental super-
conductors, including Al, Sn, Tl, Nb, In, Pb, and Hg, and one
alloy, Bi2Tl. We have confirmed the discovery of Leavens
when ��0.8; otherwise, the gap edge will be single valued.

We have also elaborated the discovery by Marsiglio and
Carbotte that when �=100, the temperature dependence of
the gap edge in the Eliashberg-Nambu formalism deviates
significantly from the prediction by the BCS theory. We have
found that in real strong-coupling superconductors, for ex-
ample, Pb, Hg, and Bi2Tl, with moderately large values of �,
there is a shoulderlike structure in the temperature depen-
dence curve of the gap edge, marking significant deviation
from the BCS temperature curve. We have found that values
of the gap edge at the peak of the shoulder may even exceed
its value at T=0.

We have proved that the double values of the gap edge
and the shoulderlike structure have the same origin: both
arise from a sudden and significant drop of the gap function
near �=0. We have found vastly different densities of states
between weak- and strong-coupling superconductors. We
also find numerically from these densities of states the tun-
neling current, according to the simple McMillan prescrip-
tion, in an effort to reproduce the experimental measurement
of the gap edge. We see from this measurement that the
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shoulderlike structure is still evident. Both determinations
are genuine signs indicating significant departure of the
Eliashberg-Nambu formalism from the BCS theory.

We have compared the density of states in strong-
coupling superconductors with the density of states in gap-

less superconductors in the presence of magnetic impurities.
We conclude that further experiment is needed, particularly
in Bi2Tl, in order to expose possible limitations of the
Eliashberg-Nambu formalism in real strong-coupling super-
conductive materials.
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